In this article, we prove a version of compactness theorem of the Donaldson-Thomas instantons of an SU (2) vector bundles over a compact Kähler threefold.
Introduction
Let Y be a compact Kähler threefold with the Kähler form ω, and E = (E, h) a hermitian vector bundle of rank r over Y . We consider the following equations for a connection A of E, which preserves the hermitian structure of E, and an End(E)-valued (0,3)-form u on Y : where λ(E) is a constant defined by
We call these equations the Donaldson-Thomas equations, and a solution (A, u) to these equations Donaldson-Thomas instanton.
In [Ta1] , we studied local structures of the moduli space of the DonaldsonThomas instantons such as the infinitesimal deformation and the Kuranishi map of the moduli space.
Subsequently, we proved a weak compactness theorem of the DonaldsonThomas instantons of an SU (2) vector bundles over a Kähler threefold in [Ta2] , more precisely, we proved the following: a sequence {(A n , u n )} of the Donaldson-Thomas instantons of an SU (2) vector bundle over a compact Kähler threefold Y has a converging subsequence outside a closed subset S in Y , whose real 2-dimensional Hausdorff measure is finite, provided that the L 2 norms of det u n are uniformly bounded.
In this article, we study "n/2-convergence" of the Donaldson-Thomas instantons. This sort of analysis was developed by L.M. Sibner [S] for the Yang-Mills and the coupled Yang-Mills fields, and the convergence results were obtained by X. Zhang [Z1] , [Z1] .
We prove the following for the Donaldson-Thomas instantons:
where C 4 is a constant. We assume that Y | det u n | 2 dV g are uniformly bounded. Then there exist a subsequence {(A n j , u n j )} of {(A n , u n )} and a sequence of gauge transformations {σ j } such that {σ * j (A n j , u n j )} converges to a smooth Donaldson-Thomas instanton of E over Y .
In order to prove Theorem 4.1, we analyse the singular set of a limit Donaldson-Thomas instanton by using methods developed by G. Tian [Ti] and X. Zhang [Z1] , [Z1] (see also [L] ).
This analysis for the singular set would be a model for a further analysis on the singular sets described in [Ta2] .
Notations: Throughout this article, we denote positive constants which depend only on the Riemannian metric of Y and E by C or z with numerical subscripts.
preserve the hermitian structure of E = (E, h). Put
where A 0,3 (Y ) is the space of real (0, 3)-forms over Y and End(E) = End(E, h) is the bundle of skew-hermitian endmorphisms of E, and
We denote by G(E) the gauge group, where the action of the gauge group is defined in the usual way. We consider the following energy functional L on C(E):
where
First, we recall the following estimate in [Ta2] :
.
From this and the Hölder inequality, we immediately obtain the following:
Corollary 2.2. Let (A, u) be a Donaldson-Thomas instanton. Then there exist constants ε > 0 and C 2 > 0 such that for any y ∈ Y and 0 < ρ < r y , if
With the above in mind, we prove the following:
We assume that Y | det u n | 2 dV g are uniformly bounded. Then, there exists a subsequence {(A k , u k )}, a sequence of gauge transformations {σ k } and a finite set of points
Moreover, for each α = 1, . . . , ℓ there exists a positive constant
weakly in the sense of the Radon measure, where δ yα is the Dirac measure at y α . proof. We define
(2.2)
We have
Then, by passing through subsequences and taking the diagonal process, we obtain a subsequence T j,2 −k which converges to a closed subset
where H 0 is the 0-dimensional Hausdorff measure on Y .
proof. Let K be a compact subset of Y , and {B 4δ (y β )} a covering of T ∩ K such that
We take ℓ with 2 −ℓ < δ. Then for i ′ sufficiently large, we can find
Thus, we obtain
proof. We take a point y in M \ T . By the definition of the set T , we can find a number N ∈ N and r > 0 such that
for any j ≥ N . Thus, from Corollary 2.2, there exists a uniform constant z 2 > 0 such that sup
From this, we can find the Coulomb gaugesσ j by Uhlenbeck [U2] such that 6) where ψ indicates the restriction to the boundary ∂B 1 (y). Furthermore, we have
On the other hand, if M is a 2 × 2 trace-free matrix, we have
From the Schwarz inequality, we have
(2.10)
Since the equations (1.1) and (1.2) are gauge invariant, therefore, each (σ j (A j ),σ j (u j )) satisfies the Donaldson-Thomas equations. Furthermore, the equations (1.1) and (1.2) with the first equation in (3) form an elliptic system, thus, by the standard elliptic theory, the bounds on derivatives of (σ j (A j ),σ j (u j )) are uniform. Therefore, there exists a subsequence which converges to a Donaldson-Thomas instanton (A ′ , u ′ ) on B 1 2 (y) in smooth topology. Now, we cover Y \ T by a countable union of ball B rα (y α ) with
(2.12)
Repeating the same procedure above on each B 8rα (y α ), and by taking a subsequence, we obtain a sequence of gauge transformationsσ j,α such that σ j,α (A j , u j ) converges to a Donaldson-Thomas instanton (A ′ α , u ′ α ) on B rα (y α ). Thus, by using the standard diagonal argument, we obtain a subsequence {(A n j , u n j )} and a sequence of gauge transformations σ j on Y \ T such that σ j (A n j , u n j ) converges to a Donaldson-Thomas instanton on Y \ T .
Next, we define a closed set
(2.13) Lemma 2.6.
proof. We prove T ′ ⊂ T . Let y 0 ∈ Y \ T . If r is sufficiently small, then we have
Thus, for j sufficiently large, we have
Lemma 2.7. There exist a subsequence {(A k , u k )} of {(A j , u j )} and a sequence of gauge transformations
proof. Let y 0 ∈ T \ T ′ . Then, we can find a subsequence {(A j ′ , u j ′ )} and r 0 > 0 such that
From Corollary 2.2, we obtain
Thus, we can find a subsequence {(A j ′′ , u j ′′ )} and a sequence of gauge transformations {σ j ′′ } such that σ j ′′ (A j ′′ , u j ′′ ) converges to a Donaldson-Thomas instanton on B r 0 2 (y 0 ). Hence, we can find a subsequence {(A k , u k )} and a sequence of gauge transformations {σ k } such that σ k (A k , u k ) converges to a Donaldson-Thomas instanton on Y \ T ′ . Now, we consider the Radon measures
By taking a subsequence if necessary, µ k weakly converges to a Radon measure µ. We write
where ν is a nonnegative Radon measure. Since the support of ν is in T ′ , we write ν = α θ α δ yα .
Lemma 2.8.
proof. For y α and r > 0, we take a cut-off function χ ∈ C ∞ (Y ) with 0 ≤ χ ≤ 1, where χ(y) = 1 on B r (y α ) and χ(y) = 0 on y ∈ Y \ B 2r (y α ). From the definition of T ′ , we have
(2.14)
Thus, taking r → 0, we obtain θ α ≥ ε > 0.
This completes the proof of Proposition 2.3
Structure of singular sets
In this section, we analyze the singular set T ′ in Proposition 2.3
Proposition 3.1. Let (A k , u k ) and T ′ be as in Proposition 2.3, and y α ∈ T ′ . Then there exist {k ′ } ⊂ {k} and linear transformations
proof. We take a geodesic ball B 2r (y α ) of radius 2r and the center at y α with T ′ ∩ B 2r (y α ) = {y α }. We denote by B(η, ρ) an open ball in the normal coordinate around y α of radius ρ and the center at η.
We consider a functioñ
for k sufficiently large. Thus, there exist 0 < ρ k < r and η k ∈ B(0, r) such thatL
We also haveL
(3.5)
From Corollary 2.2, if ε is small enough, we have sup
Thus, there exist a subsequence (A k ′ ,ρ k ′ , u k ′ ,ρ k ′ ) and a sequence of gauge
converges to a DonaldsonThomas instanton (B, v) on T p Y with respect to a metric g yα . From (3.5), we have
Thus, L(B, v) = 0. Also by Fatou's lemma,
Thus, taking r → 0, we obtain 
First, we recall the following in [Ta2]:
Theorem 4.2 (Theorem 3.1 in [Ta2] ). For any y ∈ Y , there exists a positive constant r y such that for any 0 < σ < ρ < r y , the following holds:
Bσ(y)
Bρ(y)\Bσ (y)
where a is a constant which depends only on Y . Moreover, the equality in (4.1) holds for ρ ∈ (0, ∞) and
With the above in mind, we prove the following: where z 9 > 0 is a constant which is independent of σ. Since C 3 L(A, u) 3 2 dV g 0 is bounded, thus, if we take τ large enough, we obtain z 9
For this τ , if we take σ > τ large enough, we have
Hence, we obtain 0
This is a contradiction. Now, we prove Theorem 4.1
Proof of Theorem 4.1 From Proposition 2.3, we can find a subsequence {(A k , u k )} of {(A n , u n )} and a sequence of gauge transformations {σ k } such that σ k (A k , u k ) converges to a Donaldson-Thomas instanton over Y \ T ′ , where T ′ is a finite set of points. If T ′ = ∅, then by using Proposition 3.1, we can construct a Donaldson-Thomas instanton (B, v) on C 3 with C 3 L(B, v) 3 2 dV g 0 < z 10 and L(B, v) = 0. However, this contradicts to Proposition 4.3. Thus, T ′ = ∅. This proves Theorem 4.1.
